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A conjecture of de Caen and Székely [D. de Caen, L.A. Székely,
J. Combin. Theory Ser. A 77 (1997) 268–278] asserts that every
arrangement of n points and m lines in the plane contains at most
O (nm) triangles with vertices in the points and sides on the lines
of the arrangement. We disprove the conjecture by constructing
an arrangement of n points and n lines with Ω(n2 log logn) such
triangles.
© 2010 Elsevier Inc. All rights reserved.
Let P be a set of points in the plane and L a set of lines. The point-line incidence graph for P and
L is the bipartite graph with two parts such that vertices of one part correspond to the points P and
vertices of the other part to the lines of L. A vertex corresponding to p ∈ P is adjacent to a vertex
corresponding to  ∈ L if the point p lies on the line . In [1], de Caen and Székely conjectured that
every point-line incidence graph has at most O (|P ||L|) cycles of length six. This is equivalent to the
following geometric statement:
Conjecture 1. Let P be a set of n points in the plane and L a set of m lines. The number of triangles with vertices
at points of P and sides lying on lines of L is at most O (nm).
In this note, we disprove this conjecture.
Theorem 2. There exists a set P of n points in the plane and a set L of n lines such that the number of triangles
with vertices at points of P and sides lying on lines of L is at least Ω(n2 log logn).
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Proof. Let N be an integer, P the set of integer points {(x, y) | x = 0, . . . ,3N, y = 2N2, . . . ,5N2}, and
L the set of the lines {α,β | α = 1, . . . ,N, β = 0, . . . ,4N2} where α,β is the line formed by the points
(X, Y ) such that Y = αX + β . Clearly, |P | ∈ Θ(N3) and |L| |P |. Next, add |P | − |L| arbitrary lines to
L in order that the sets P and L have the same size.
For a prime p  N and an integer q ∈ {1, . . . , p − 1}, let A(p,q) be the set of all triples of pairwise
distinct integers 1 αp,αq,α+  N that satisfy
α+(p + q) = αp p + αqq. (1)
For a prime p  N , integers q ∈ {1, . . . , p−1}, x ∈ {0, . . . ,N}, y ∈ {2N2, . . . ,3N2} and d ∈ {1, . . . , N/p}
and a triple (α,α′,α+) ∈ A(p,q), the triangle t(x, y,d, p,q,αp,αq,α+) is the triangle with vertices
(x, y), (x + pd, y + αp pd) and (x + (p + q)d, y + α+(p + q)d), also see Fig. 1. The statement of the
theorem is implied by Claims 3, 4 and 6 which we now establish.
Claim 3. Every triangle t(x, y,d, p,q,αp,αq,α+) has vertices on the points from P and its sides lie on lines
from L.
Since x N , q < p and d N/p, it holds that 0 x x+ pd x+(p+q)d 3N . Similarly, the facts
that y  3N2, q  p, d N/p, αp  N and α+  N imply that 0 y  y + αp pd y + α+(p + q)d
5N2. Hence, all the vertices of t(x, y,d, p,q,αp,αq,α+) are among the points of P .
The sides of the triangle t(x, y,d, p,q,αp,αq,α+) then lie on the lines αp ,βp , αq,βq and α+,β+
with βp = y−αpx, βq = y−αqx+ (αp −αq)pd and β+ = y−α+x. Since 2N2  y  3N2, x N , p  N ,
d N/p, αp  N , αq  N , α+  N , it follows that N2  βp  3N2, 0 βq  4N2 and N2  β+  3N2.
Consequently, all the sides lie on the lines from L. The claim is now established.
Claim 4. If t(x, y,d, p,q,αp,αq,α+) and t(x′, y′,d′, p′,q′,α′p,α′q,α′+) coincide, then x′ = x, y′ = y, d′ = d,
p′ = p, q′ = q, α′p = αp , α′q = αq and α′+ = α+ .
Assume the triangles t(x, y,d, p,q,αp,αq,α+) and t(x′, y′,d′, p′,q′,α′p,α′q,α′+) coincide. Let
(xi, yi), i = 1,2,3, be the vertices of the triangle, x1 < x2 < x3. Clearly, x1 = x = x′ and y1 = y = y′ .
The fraction y2−y1x2−x1 is equal to αp as well as α
′
p . Hence, αp = α′p . Similarly, we can derive that αq = α′q
and α+ = α′+ .
The value of d is the greatest common divisor of x3 − x2 and x2 − x1 since p is a prime and
q < p. Analogously, d′ is the greatest common divisor of x3 − x2 and x2 − x1. This yields d = d′ .
Since p = (x2 − x1)/d and p′ = (x2 − x1)/d′ , we get p = p′ . Finally, the equalities q = (x3 − x2)/d and
q′ = (x3 − x2)/d′ imply that q = q′ . This concludes the proof of the claim.
Claim 5. For every prime p  3 and every integer q, 1 q < p, the size of A(p,q) is Ω(N2/p).
Fix αp between 1 and N . For every integer k, the sum αp p+αqq for αq = αp +k(p+q) is divisible
by p +q. Observe that there are at least N/(p +q) choices of k (including those with k < 0) such that
1  αq  N . For each of these Θ(N/p) choices of k the value of α+ determined by (1) is integral.
If k = 0, the integers αp , αq and α+ are pairwise distinct. Since the number of choices of αp is N , the
claim follows.
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For a ﬁxed choice of prime p, the number of choices of x, y and d is Θ(N4/p). Since the number
of choices of q is Θ(p) and the size of A(p,q) is Ω(N2/p), the number of choices of the seven
parameters different from p is Ω(N6/p) for a ﬁxed value of p.
Since the sum of 1/p taken over all primes p  N is Θ(log logN) [2], it follows that the number
of choices of all eight parameters is Ω(N6 log logN). 
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